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Abstract
For Light-cone gauge of Green-Schwarz superstring in AdS5×S5 background,
we fix two bosonic variables x+ = τ and y9 = σ, and then perform the partial
Legendre transformation of the remaining bosonic variables. We then obtain
a Lagrangian which is linear in velocity after eliminating the metric of world
sheet. For such a system, one can formulate its poisson bracket and Hamilto-
nian. Since this system is free and without constraint, the hierarchy of infinite
nonlocal conserved quantities given by Bena, Polchinski and Roiban, induce so-
lution transformations due to Jacobi identity.
1 Introduction
Because of AdS/CFT correspondence [1,2,3], there has been much interest in the role of
integrability in the world-sheet theory of type IIB strings in AdS spaces. Metsaev and
Tseytlin [4] gave the famous PSU(2,2|4)
SO(2,4)⊗SO(5)
coset model with Wess-Zumino term which
describes string in AdS5×S5 background. Because of κ symmetry, the model has same
degree of freedom for bosonic and fermionic canonical variables. Its flat-space limit is
the well known Green-Schwarz superstring [5, 6]. This model has attracted renewed
interest and been studied in various aspects [7, 8]. The parametrization is a hot issue
of them, which includes the work by Kallosh, Rajaraman, Rahmfeld(KRR) [9], Roiban
and Siegel [10], and many other authors [11,12,13,14]. A Light-cone gauge was given by
Metsaev and Tseytlin using properly grouping PSU(2, 2|4) AdS base [12,13]. Another
Light-cone gauge was given in Z4 grading matrix approach by Alday, Arutyunov and
∗ Email: zywang81@gmail.com
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Tseytlin, et al. with Hamiltonian construction and quantization [15, 16, 17]. These
work simplifies the Lagrangian of the model and investigates its solution and symmetry
properties.
After the construction of the Metsaev and Tseytlin’s model, Bena, Polchinski and
Roiban [18]constructed one parameter flat currents which implies a hierarchy of infinite
nonlocal conserved quantities for the Green-Schwarz superstring in AdS5 × S5 space-
time. Thus the world-sheet sigma model is probably completely integrable [19]. This
is a breakthrough which attracts much attention and many corresponding studies in
string theory [20,21,22,23,24,25,26,27]. There are other approaches of the AdS strings,
including their quantization by Berkovits [28, 29, 30].
For integrable models in two dimension field theory, the solution transformation is
a traditional topic. However, Metsaev and Tseytlin’s model is different from ordi-
nary nonlinear σ-models in that it has a Wess-Zumino term and satisfies the virasoro
constraint. Consequently, we can’t use the usual methods such as Riemann-Hilbert
transformation directly.
The dynamic structure and Hamiltonian of the model which are important for the in-
tegrability were studied [15,16,17,27]. Our work is motivated by these work, mostly by
the Legendre transformation of bosonic variables in the kinetic part of the Lagrangian
originally introduced by Alday, Arutyunov and Tseytlin, et al [15].
In this paper, we use the Light-cone κ symmetry gauge by Metsaev and Tseytlin [12]
and the S5 parametrization by Kallosh, Rahmfeld, Rajaraman and H. Lu¨, et al [7, 9].
We first fix x+ = τ and y9 = σ. After Legendre transformation of the remaining bosonic
variables in kinetic part of Lagrangian, the Lagrangian becomes linear in ’velocity’ of
canonical variables and is degenerate. This system is actually a free Hamiltonian
system without any constraint. The poisson bracket can be induced from the final
Lagrangian [15, 16, 17]. We check that, the Jacobi identity of the poisson bracket is
satisfied for canonical variables, Hamiltonian and conserved quantities given by Bena,
et al [18]. Since the poisson bracket of the conserved quantities and Hamiltonian must
be identically zero, then due to Jacobi identity one may generate solutions from an
existing one by these conserved quantities. The degrees of freedom of such solution
transformations is the same as the traditional Riemann-Hilbert transformations.
This paper is organized as follows. In section 2 we briefly review the Metsaev-
Tseytlin formulation of superstring on the AdS5×S5 background with κ symmetry. In
section 3, after the Light-cone κ symmetry gauge fixing, we perform partial Legendre
transform to obtain the final degenerate Lagrangian which is linear in velocities of
the dynamic variables. In section 4, we study the poisson structure and prove Jacobi
identity for system of finite degree of freedom whose Lagrangian is linear in velocities.
The formal extension to field theory is also given. In section 5, we firstly review the
flat currents and the infinite conserved quantities discovered by Bena, Polchinski and
Roiban [18]. Then we give the solution transformation from the conserved quantities.
we make some further discussions in the last section. Appendices include some detailed
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calculations. In some parts of our paper, although the contents are known, we present
the explicit derivation for self-containment and for the convenience to check the final
results.
2 Coset model of PSU(2, 2|4)
In this section, we first recall the superalgebra psu(2, 2|4) and the action of Green-
Schwarz superstring in AdS5×S5 spacetime constructed by Metsaev and Tseytlin and
its κ symmetry [4] [31].
Superstring propagating in the AdS5 × S5 spacetime can be described as the non-
linear sigma-model whose target space is the coset superspace [4]
PSU(2, 2|4)
SO(4, 1)⊗ SO(5)
with the corresponding superalgebra psu(2, 2|4) in the so(4|1)⊕ so(5) basis.
2.1 Superalgebra psu(2, 2|4)
The generators of psu(2, 2|4) are TA = (Pa, Jab, Pa′, Ja′b′ , Qαα′I), here the indices a, b, c, d =
0, 1, 2, 3, 4; a′, b′, c′, d′ = 5, 6, 7, 8, 9; I, J = 1, 2; α, β = 1, 2, 3, 4; α′, β ′ = 1, 2, 3, 4. The
commutation relations for the generators of the Lie superalgebra psu(2, 2|4) are
[Pa, Pb] = Jab, [Pa′ , Pb′] = −Ja′b′,
[Jab, Jcd] = ηbcJad + ηadJbc − ηacJbd − ηbdJac,
[Ja′b′ , Jc′d′ ] = ηb′c′Ja′d′ + ηa′d′Jb′c′ − ηa′c′Jb′d′ − ηb′d′Ja′c′,
[Pa, Jbc] = ηabPc − ηacPb, [Pa′ , Jb′c′] = ηa′b′Pc′ − ηa′c′Pb′ ,
[Qαα′I , Pa] = − i
2
ǫIJQβα′J(γa)βα, [Qαα′I , Pa′] =
1
2
ǫIJQαβ′J(γa′)β′α′ ,
[Qαα′I , Jab] = −1
2
Qβα′I(γab)βα, [Qαα′I , Ja′b′ ] = −1
2
Qαβ′I(γa′b′)β′α′ ,
{Qαα′I , Qββ′J}
= δIJ
[
−2iC ′α′β′(Cγa)αβPa + 2Cαβ(C ′γa
′
)α′β′Pa′
]
+ ǫIJ
[
C ′α′β′(Cγ
ab)αβJab − Cαβ(C ′γa′b′)α′β′Ja′b′
]
, (1)
where ηab = (−++++), ηa′b′ = (+++++),
{
γa, γb
}
= 2ηab,
{
γa
′
, γb
′
}
= 2ηa
′b′ , ǫ12 =
−ǫ21 = 1. Here and after, the repeated indices are summed.
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The gamma matrices satisfy{
γa, γb
}
= 2ηab,
{
γa
′
, γb
′
}
= 2ηa
′b′,
γab =
1
2
[γa, γb], γa
′b′ =
1
2
[γa, γb],
(Cγaˆ)t = Cγaˆ, (Cγaˆbˆ)t = −Cγaˆbˆ, Ct = C = C ⊗ C ′, aˆ, bˆ = a, b or a′, b′.
We may set
γa =
[
0 σa
σ¯a 0
]
, σa = (I, σ1, σ2, σ3), σ¯a = (−I, σ1, σ2, σ3),
for a = 0, 1, 2, 3, where I is the 2× 2 unit matrix,
γ4 =
[
I 0
0 −I
]
, γ5 = iγ0, γ6 = γ1, γ7 = γ2, γ8 = γ3, γ9 = γ4,
and
C = C ′ =
[
iσ2 0
0 −iσ2
]
. (2)
The left-invariant Cartan 1-forms
LA = dXMLAM , X
M = (x, θ), (3)
are given by
J = G−1dG = LATA ≡ LaPa + La′Pa′ + 1
2
LabJab +
1
2
La
′b′Ja′b′ + L
αα′IQαα′I , (4)
where G = G(x, θ) is a coset representative in PSU(2, 2|4).
The Cartan 1-form satisfies the zero-curvature equation dJ = −J ∧ J . When
decompose it according to the generators of the Lie algebra, we get Maurer-Cartan
equations.
2.2 κ symmetry
The string theory action is the sum of the non-linear sigma-model action and a topolog-
ical Wess-Zumino term to ensure κ symmetry. The Polyakov action given by Metsaev
and Tseytlin [4] is
S = Sk + SWZ
= −1
2
∫
∂M3
d2σ
√−ggij(LaiLaj + La
′
i L
a′
j )−
∫
∂M3
d2σǫij(L¯1iL
2
j + L¯
2
iL
1
j ). (5)
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Here
√−g =√− det gij , gijgjk = δik, i, j = 0, 1 and gij is the metric of the world-sheet.
2× 2 matrix ǫij = −ǫji, ǫ01 = 1. Here and after denote X aˆY aˆ = X aˆY bˆηaˆbˆ. This action
is invariant with respect to the local κ-transformations. Due to L¯ = L†γ0 = L
tCC ′ for
Majorana spinor L, the WZ term can be written as SWZ = −
∫
∂M3
d2σǫij(L1ti CC
′L2j +
L2ti CC
′L1j ).
Let the variation of group element be δG and ρ = G−1δG ≡ Paδxa + Pa′ δxa′ +
1
2
Jab δx
ab+ 1
2
Ja′b′ δx
a′b′+QIαα′δθ
Iαα′ . The equation δJ = dρ+[J , ρ] gives the variations
of the Cartan 1-forms. The variation of action (5) with respect to δxa, δxa
′
, δθIαα
′
gives
the equations of motion
∂i(γ
ijLaj ) + γ
ijLabi L
b
j + iǫ
ijsIJ L¯Ii γ
aLJj = 0,
∂i(γ
ijLa
′
j ) + γ
ijLa
′b′
i L
b′
j − ǫijsIJL¯Ii γa
′
LJj = 0,
(Lai γ
a + iLa
′
i γ
a′)(γij − ǫij)L1j = 0,
(Lai γ
a + iLa
′
i γ
a′)(γij + ǫij)L2j = 0. (6)
while the variation of the metric gij gives the virasoro constraint
LaiL
a
j + L
a′
i L
a′
j =
1
2
gijg
kl
(
LakL
a
l + L
a′
k L
a′
l
)
, (7)
where γij =
√−ggij, det[γij ] = −1. sIJ = (σ3)IJ = (−1)I−1δIJ .
Substituting the virasoro constraint(7) into (5), one obtains the Nambu-Goto action
S = −
∫
∂M3
(d2σ
√−G + 2L¯1 ∧ L2), (8)
where the induced metric Gij = LaiLaj + La′i La′i and G = det[Gij ].
We may check the κ symmetry in the Nambu-Goto action, which can give the right
degrees of freedom [31]. Consider the variation of δκθ¯
I , one obtains
δκS=4i
∫
∂M3
d2σ
√−G(δκθ¯1P ij+ /L+j L1i + δκθ¯2P ij− /L+j L2i ), (9)
where
/L
+
i ≡ (Lai γa + iLa
′
i γ
a′), /L
−
i ≡ (Lai γa − iLa
′
i γ
a′). (10)
Define
P ij± =
1
2
(Gij ± ǫ
ij
√−G ),
γ = −ǫ
ij /L
+
i /L
−
j
2
√−G , γ
2 = 1, trγ = 0. (11)
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One has
γP ij± /L
+
j = ±P ij± /L+j , (12)
(1∓ γ)P ij± /L+j = 0. (13)
The local κ-transformations can be written as
δκx
aˆ = δκx
aˆbˆ = 0,
δκθ¯
1 = κ¯1P−,
δκθ¯
2 = κ¯2P+, (14)
where κ¯1and κ¯2 are arbitrary, P± =
1±γ
2
are projector operators. For such variation,
we have δκS = 0.
This is a local symmetry of the model, thus this system is not definite, which has infi-
nite solutions for given initial and boundary conditions. We must perform κ symmetry
gauge fixing, only take half of the fermionic variables.
3 Light-cone gauge fixing and partial Legendre trans-
formation
3.1 parametrization
In this subsection, we follow the Light-cone κ symmetry gauge fixing by Metsaev and
Tseytlin [12], while the S5 part we use the parametrization of KRR [9], and H. Lu¨ et
al [7].
Define
x± =
1√
2
(x3 ± x0), x = 1√
2
(x1 + ix2),
x¯ =
1√
2
(x1 − ix2), φ = x4,
xa = (x+, x−, x, x¯, φ), η+− = η−+ = ηxx¯ = ηx¯x = 1. (15)
The bosonic generators of AdS for Light-cone gauge are
D = P 4,
P± =
1√
2
(P 3 ± P 0 + J43 ± J40); P x/x¯ = 1√
2
(P 1 ± iP 2 + J41 ± iJ42);
K± =
1
2
√
2
(−P 3 ∓ P 0 + J43 ± J40); Kx/x¯ = 1
2
√
2
(−P 1 ∓ iP 2 + J41 ± iJ42);
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J±x = ±1
2
J01 ± i
2
J02 +
1
2
J31 +
i
2
J32;
J±x¯ = ±1
2
J01 ∓ i
2
J02 +
1
2
J31 − i
2
J32;
Jxx¯ = −iJ12; J+− = J03. (16)
Also define for fermionic generators
Q±αα′ = Q1αα′ ± iQ2αα′ , qαα′ = Q−αα′ , qαα′ = CαβC ′α′β′Q+ββ′ ,
and
q1i = i2
√
22−
1
4Q−i; q2i = −i2
√
22−
1
4Q+i;
q3i = 2
√
22
1
4S+i; q4i = 2
√
22
1
4S−i;
q1i = 2
√
22
1
4S+i ; q2i = 2
√
22
1
4S−i ;
q3i = i2
√
22−
1
4Q−i ; q4i = −i2
√
22−
1
4Q+i , (17)
where the index i is the S5 index α′.
We then take the parametrization following [12], and [9, 7] for S5 part. The κ-
symmetry gauge fixed representative group element is
G(x, y, θ, η, φ) = g (x) g (θ) g (η) g(y)g(φ)
g (x) = exp(x−P+ + x+P− + xP x¯ + x¯P x);
g (θ) = exp(θiQ+i + θiQ
+i);
g (η) = exp(ηiS+i + ηiS
+i);
g(y) = ey
5J56ey
6J67ey
7J78ey
8J89ey
9P9;
g(φ) = exp(φD). (18)
Define
M = exp(
y5
2
γ56) exp(
y6
2
γ67) exp(
y7
2
γ78) exp(
y8
2
γ89) exp(−iy9
2
γ9),
and
ξ˜j = ξiMij , ξ˜
i = M−1ij ξ
j,
for fermionic variables.
The one form of G is
J = G−1 (x, y, θ, η, φ)dG (x, y, θ, η, φ)
= L±p P
∓ + LxpP
x¯ + Lx¯pP
x + LDD + L±KK
∓ + LxKK
x¯ + Lx¯KK
x + La
′
P a
′
+ L∓xJ±x¯ + L±x¯J∓x + Lx¯xJxx¯ + L+−J−+
+
1
2
La
′b′Ja′b′ + L
±i
Q Q
∓
i + L
±i
S S
∓
i + L
±
iQQ
∓i + L±iSS
∓i.
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By the deliberately designed coset representative(18), one obtains the nonzero 1-forms
LA
′
= (
9∏
k′=A′+1
sin yk′)dyA′ − 1
2
dx+η˜i(γ
A′)ij η˜
j ≡ uA′dyA′ + vA′dx+, (u9 = 1)
LA
′B′ = − i
2
dx+η˜i(γ
A′B′)ij η˜
j +
B′−1∏
k′=A′+1
sin yk
′
cos yB
′
dyA
′
L+p = e
φdx+, L−p = e
φ[dx− − i
2
(θidθ
i + θidθi)],
Lx¯p = e
φdx¯, Lxp = e
φdx, LD = dφ,
L−K = e
−φ[
1
4
dx+(ηiηi)
2 +
i
2
(ηidη
i + ηidηi)], L
x¯x =
i
2
dx+(ηiηi),
L−x = ηidθ
i − 1
2
dx(ηiηi), L
−x¯ = −ηidθi + i
2
dx¯(ηiηi),
L−iQ = e
1
2
φ(d˜θ
i
+ idxη˜i), L+iQ = −ie
1
2
φdx+η˜i,
L−iQ = e
1
2
φ(d˜θi − idx¯η˜i), L+iQ = ie
1
2
φdx+η˜i,
L−iS = e
− 1
2
φ(
i
2
dx+(ηkηk)η˜
i + d˜ηi), L−iS = e
− 1
2
φ(− i
2
dx+(ηkηk)η˜i + d˜ηi). (19)
Using the formula La ≡ Lap − 12Lak one gives
L− = eφ[dx− − i
2
(θidθ
i + θidθi)]− 1
2
e−φ[
1
4
dx+(ηiηi)
2 +
i
2
(ηidη
i + ηidηi)], (20)
and has
Lk = −1
2
√−ggµν(L+µL−ν + L−µL+ν + LxµLx¯ν + Lx¯µLxν + LDµ LDν +
9∑
A′=5
LA
′
µ L
A′
ν )
≡ −1
2
γµν(xaˆµGaˆbˆx
bˆ
ν)
= −1
2
γµν{eφ[∂µx− − i
2
(θi∂µθi + θi∂µθ
i)]eφ∂νx
+
−1
2
e−φ[
1
4
∂µx
+(ηiηi)
2 +
i
2
(ηi∂µη
i + ηi∂µηi)]e
φ∂νx
+
+µ ↔ ν
+e2φ(∂µx¯∂νx+ ∂µx∂ν x¯) + ∂µφ∂νφ
+
9∑
A′=5
(uA
′
∂µyA′ + v
A′∂µx
+)(uA
′
∂νyA′ + v
A′∂νx
+)}
8
= γµν{−e2φ(∂µx+∂νx− + ∂µx∂ν x¯)− 1
2
∂µφ∂νφ
−1
2
9∑
A′=5
(uA
′
∂µy
A′)(uA
′
∂νy
A′) + ∂µx
+[
i
2
e2φ(θi∂νθi + θi∂νθ
i)
+
i
4
(ηi∂νηi + ηi∂νη)−
9∑
A′=5
vA
′
uA
′
∂νy
A′]
+
1
8
∂µx
+∂νx
+[(ηiηi)
2 − 4
9∑
A′=5
(vA
′
)2]}, (21)
with
G+− = G−+ = 1, Gxx¯ = Gx¯x = 1, GDD = GA′A′ = 1, A
′ = 5, · · · 9,
and γµν =
√−ggµν , xaˆµ = Laˆµ. (22)
We also have
LWZ = −ǫµν(L1µCC ′L2ν + L2µCC ′L1ν)
= − iǫ
µν
√
2
{ieφ∂µx+η˜iC ′ij( ˜∂νθj − i∂ν x¯η˜j)− ieφ∂µx+η˜iC ′ij( ˜∂νθj + i∂νxη˜j)}.(23)
3.2 Partial Legendre transformation
We next fix the gauge x+ = τ, y9 = σ and perform partial Legendre transformation for
the remaining bosonic variables in Lk.
Define ∂Lk
∂z˙i
= πi for 8 bosonic variables. Perform Legendre transformation partially,
we have(Appendix A)
H˜ = πiz˙i −Lk
=
e2φ
2π−
{2e2φx′x¯′ + φ′2 +
8∑
a′=5
(ua
′
)2(y′a
′
)2 + 1 + [2e−2φπxπx¯ + π
2
D +
8∑
a′=5
(ua
′
)−2π2a′ ]
+[(π−(x
′− − i
2
(θiθ′i + θiθ
′i)− i
4
e−2φ(ηiη′i + ηiη
′i)) + πxx
′ + πx¯x¯
′ + πDφ
′
+
8∑
a′=5
πa′y
′a′]2}+ π−[ i
2
(θiθ˙i + θiθ˙
i) +
i
4
e−2φ(ηiη˙i + ηiη˙
i) +
1
8
e−2φ(ηiηi)
2]
−
8∑
a′=5
πa′
va
′
ua′
+ v9[π−(x
′− − i
2
(θiθ′i + θiθ
′i)− i
4
e−2φ(ηiη′i + ηiη
′i))
+πxx
′ + πx¯x¯
′ + πDφ
′ +
8∑
a′=5
πa′y
′a′]. (24)
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Adding πa and πa′ as new variables, one can obtain a new Lagrangian density(Appendix
A)
L˜ = L˜k + LWZ
= π−x˙
− + πxx˙+ πx¯ ˙¯x+ πDφ˙+
8∑
a′=5
πa′ y˙
a′
−π−[ i
2
(θiθ˙i + θiθ˙
i) +
i
4
e−2φ(ηiη˙i + ηiη˙
i)]−H
= fiz˙
i + fαz˙
α−H, (25)
where H is the Hamiltonian density and define H = ∫ dσH. In appendix A ,we have
proved Lagrangian equations of L˜ include the equations of L and the definition of πi.
We now see that the number of bosonic variables(za, πa, a = 1, 2, · · ·8) and fermionic
variables(θi, θi, η
i, ηi; i = 1, 2, 3, 4.) are equal. This is an important reason for requiring
the κ symmetry.
Therefore all the coefficients f are
f− = π−, fx = πx, fx¯ = πx¯, fD = πD, fa′ = πa′ ,
fθi = −
i
2
π−θ
i, fθi = − i
2
π−θi, fηi = −
i
4
e−2φπ−η
i, fηi = − i
4
e−2φπ−ηi, fπ = 0.(26)
4 Poisson bracket and Jacobi identity
The Lagrangian(25) is degenerate in that it is linear in velocities z˙a. In this section,
we study the Lagrangian linear in velocities. One sees that such system has a natural
quasi-symplectic structure, we next derive the poisson bracket for such degenerate
Lagrangian system.
4.1 Bosonic system
Assume the Lagrangian of bosonic system is
L(xi, x˙i) =
∑
i
fi(x)x˙i − g(x). (27)
The Lagrangian equation is
d
dt
∂L
∂x˙i
− ∂L
∂xi
= 0,
giving
∂fi
∂xj
x˙j − ∂fj
∂xi
x˙j = − ∂g
∂xi
.
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Define
ωij =
∂fj
∂xi
− ∂fi
∂xj
,
we obtain
∂iωjk + cyc(i, j, k) = 0, (28)
and
ωijx˙j =
∂g
∂xi
.
If ω has an inverse Ω
Ωijωjl = δil,
we have
x˙i = Ωij
∂g
∂xj
,
with
Ωij = −Ωji.
Define poisson bracket
{A,B} = ∂A
∂xi
Ωij
∂B
∂xj
. (29)
Jacobi identity
{A, {B,C}}+ {B, {C,A}}+ {C, {A,B}} = 0,
follows from
Ωil∂lΩjk + Ωjl∂lΩki + Ωkl∂lΩij = 0,
due to (28). One has
A˙ = {A, g},
for A(x).
4.2 Bosonic and Fermionic system
For the system with both bosonic(xi Grassmann even) and fermionic(θα Grassmann
odd) variables, we have AB = (−1)abBA, ∂i∂j = (−1)ij∂j∂i, ∂i(BC) = (∂iB)C +
(−1)ibB∂iC.where ∂i = ∂∂zi , and the Grassmann index of zi is i, while for A,B,C,
Grassmann indices are a, b, c respectively (they should be ıˆ, ˆ, aˆ, bˆ, cˆ, here we abuse the
notation for simplicity).
Assume the Lagrangian is
L(xi, x˙i, θ, θ˙) =
∑
i
fi(x, θ)x˙i +
∑
α
ψα(x, θ)θ˙α − g(x, θ). (30)
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The Lagrangian equation
d
dt
∂L
∂x˙i
− ∂L
∂xi
= 0,
d
dt
∂L
∂θ˙α
− ∂L
∂θα
, = 0,
gives
ωijx˙j + ωiβ θ˙β =
∂g
∂xi
,
ωαj x˙j + ωαβ θ˙β =
∂g
∂θα
, (31)
with
ωij =
∂fj
∂xi
− ∂fi
∂xj
= −ωji, ωiβ = ∂fi
∂θβ
+
∂ψβ
∂xi
= ωβj, ωαβ =
∂ψα
∂θβ
+
∂ψβ
∂θα
= ωβα.
Denote
ω =
(
ωij ωiβ
ωαj ωαβ
)
, z˙ =
(
x˙j
θ˙β
)
,
−→
∂g =
(
∂g
∂xi
∂g
∂θα
)
.
The matrix elements
ωmn = ∂mf
n − (−1)mn+m+n∂nfm
satisfies
∂lωmn(−1)n2+ln + cyc(lmn) = 0.
If ω is invertible, one may find Ω, such that Ωmnωnl = δml giving
∂sΩlt = −Ωlm∂sωmnΩnt(−1)s(l+m).
We can further show
Ωmn = (−1)mn+1Ωmn,
and
z˙l = Ωlm∂mg.
In the exponent of (-1), s,m, n, t stand for Grassmann indices, they can be even(i, j)
and odd(α, β).
Define poisson bracket
{A,B} = A
←−
∂
∂zl
Ωlm
−→
∂ B
∂zm
, (32)
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one has
A˙ = {A, g} = A
←−
∂
∂zl
Ωlm
−→
∂ g
∂zm
. (33)
Poisson bracket satisfy
{A,B} = (−1)ab−1{B,A},
{A,BC} = {A,B}C + (−1)abB{A,C},
{A, αB + βC} = (−1)αaα{A,B}+ (−1)βaβ{A,C}, for constants α, β. (34)
here the superscript a, b, α and β are Grassmann indices for A,B, α and β respectively.
Super-Jacobi identity is also satisfied
(−1)n2+nl∂lωmn + (−1)l2+lm∂mωnl + (−1)m2+mn∂nωlm = 0, (35)
⇒ (−1)nkΩkl∂lΩmn + (−1)kmΩml∂lΩnk + (−1)mnΩnl∂lΩkm = 0, (36)
⇒ (−1)ac{A, {B,C}}+ (−1)ab{B, {C,A}}+ (−1)bc{C, {A,B}} = 0. (37)
4.3 Extension to field theory
In the following, integration of σ over one period is always assumed if no initial and
end points.
The Lagrangian is
L =
∫
dσfi(z(σ), z
′(σ))z˙i(σ)−
∫
dσg(z(σ), z′(σ)), (38)
where the index i can be bosonic and fermionic.
The Lagrangian equation
d
dt
(
δL
δz˙i(σ)
)− δL
δzi(σ)
= 0,
gives
d
dt
[(−1)j
∫
dσ′
δz˙j(σ
′)
δz˙i(σ)
fj(z(σ
′), z′(σ′))]−
∫
dσ′
δfj(z(σ
′), z′(σ′))
δzi(σ)
z˙j(σ
′)+
∫
dσ′
δg(z(σ′), z′(σ′))
δzi(σ)
= 0.
Due to
δz˙j(σ
′)
δz˙i(σ)
= δijδ(σ
′ − σ),
one has ∫
dσ′ωi(σ),j(σ′)z˙j(σ
′) =
∫
dσ′
δg(z(σ′), z′(σ′))
δzi(σ)
,
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with
ωi(σ),j(σ′) =
δfj(z(σ
′), z′(σ′))
δzi(σ)
− (−1)i+j(i+j) δfi(z(σ), z
′(σ))
δzj(σ′)
,
which has the property
ωi(σ),j(σ′) = (−1)(i−1)(j−1)ωj(σ′),i(σ),
and
(−1)j2+jl δ
δzl(σl)
ωi(σi),j(σj) + (−1)l
2+il δ
δzi(σi)
ωj(σj),l(σl) + (−1)i
2+ij δ
δzj(σj)
ωl(σl),i(σi) = 0.
(39)
Assume matrix [ωi(σ),j(σ′)] has an inverse [ Ωj(σ′),i(σ)]∫
dσ′ωi(σ),j(σ′)Ωj(σ′),l(σ′′) = δilδ(σ − σ′′),∫
dσΩi(σ′),j(σ)ωj(σ),l(σ′′ ) = δilδ(σ
′ − σ′′),
Then we have
Ωi(σ),j(σ′) = (−1)ij+1Ωj(σ′),i(σ).
The Lagrangian equation∫
dσ′ωi(σ),j(σ′)z˙j(σ
′) =
∫
dσ′
δg(z(σ′), z′(σ′))
δzi(σ)
=
δH
δzi(σ)
, (40)
gives
z˙k(σ
′′) =
∫
dσΩk(σ′′),i(σ)
δH
δzi(σ)
,
where H =
∫
dσg(z(σ), z′(σ)).
Define Poisson bracket
{A,B} =
∫
dσ
∫
dσ′A
←−
δ
δzi(σ)
Ωi(σ),j(σ′)
−→
δ B
δzj(σ′)
=
∫
dσ
∫
dσ′(−1)(a−1)i δA
δzi(σ)
Ωi(σ),j(σ′)
δB
δzj(σ′)
, (41)
which implies
{A,B} = (−1)ab+1{B,A}.
We have
z˙k(σ
′′) = {zk(σ′′), H} =
∫
dσ
∫
dσ′zk(σ
′′)
←−
δ
δzi(σ)
Ωi(σ),j(σ′)
δH
δzj(σ′)
,
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and
A˙ = {A,H}. (42)
The l.h.s. of Lagrangian equation (40) can be written as
∫
dσωi(σ),j(σ′)z˙j(σ
′) =
∫
dσ′{δ(σ′ − σ)∂fj
∂zi
(σ′)− (−1)i+j+ijδ(σ − σ′)∂fi
∂zj
(σ)
+
∂
∂σ′
δ(σ′ − σ)∂fj
∂z′i
(σ′)− (−1)i+j+ij ∂
∂σ
δ(σ − σ′)∂fi
∂z′j
(σ)}z˙j(σ′).
Using integration by parts and considering δ(σ − σ′) = δ(σ′ − σ) and ∂
∂σ′
δ(σ′ − σ) =
− ∂
∂σ
δ(σ − σ′), we have∫
dσ′ωi(σ),j(σ′)z˙j(σ
′) = ω˜ij(σ)z˙j(σ) +Aij z˙′j(σ),
where
ω˜ij(σ) =
∂fj
∂zi
(σ)− (−1)i+j+ij ∂fi
∂zj
(σ)− [∂fj
∂z′i
(σ)]′
Aij(σ) = −[∂fj
∂z′i
(σ) + (−1)i+j+ij ∂fi
∂z′j
(σ)].
Locality condition requires Aij = 0. If this condition is satisfied, we may instead use
ωi(σ),j(σ′) = ω˜ij(σ)δ(σ − σ′),
and
Ωi(σ),j(σ′) = Ω˜ij(σ)δ(σ − σ′).
for the inverse of ωi(σ),j(σ′) to get the correct equation of motion. We may also define
poisson bracket as
{A,B} =
∫
dσdσ′[A
←−
δ
δzi(σ)
Ω˜ij(σ)δ(σ − σ′)
−→
δ B
δzj(σ′)
], (43)
and show that the Jacobi identity is still valid for the case we are interested in in this
paper(Appendix B).
On the contrary, for Aij 6= 0, we find the locality of the field theory is broken. This
is because the equation gives
z˙′i = Mij z˙j +Ni. (44)
Even though Mij and Ni are local at each σ. The quantity z˙j(σ) is determined by all
data of Mij and Ni at σ
′ = σ0 to σ, if z˙j(σ0) is given at point σ0. Thus the 2-D field
theory is nonlocal.
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For the system described by (25), we see that from (26)
∂fa
∂z′b
= 0, (45)
for a = i, α, thus it does satisfies
Aab ≡ − ∂fb
∂z′a
− (−1)a+b+ab ∂fa
∂z′b
= 0. (46)
The problem left is whether the supermatrix Ω˜ij(σ) is invertible. Further calculation of
ωab via
ω˜ab = (−1)a+b+ab∂bfa + ∂afb, (47)
for (25) gives:
(A) ω˜ij = −ω˜ji
ω˜x−π− = −1, ω˜xπx = −1, ω˜DπD = −1, ω˜a′πa′ = −1. (48)
(B) ω˜iα = ω˜αi
ω˜π−θi = −
i
2
θi, ω˜π−θi = −
i
2
θi, ω˜π−ηi = −
i
4
e−2φηi, (49)
ω˜π−ηi = −
i
4
e−2φηi, ω˜φηi =
i
2
e−2φπ−η
i, ω˜φηi =
i
2
e−2φπ−ηi. (50)
(C) ω˜αβ = ω˜βα
ω˜θiθi = −
i
2
π−, ω˜θiθi = −
i
2
π−, ω˜ηiηi = −
i
4
e−2φπ−, ω˜ηiηi = −
i
4
e−2φπ−. (51)
We conclude that as long as the c number part of π− 6= 0, ω is invertible, and the
Poisson bracket is well defined. On the other hand, we have from Appendix A,
π− = e
φJ− = e
φ ∂Lk
∂x−0
=
e2φ√−G [e
2φ((x1′)2 + (x2′)2) + φ′
2
+
8∑
a′=5
(ua
′
y′a
′
)2 + 1],
and
1
π−
=
e−2φ
√−G
e2φ(x′21 + x
′2
2 ) + φ
′2 +
∑8
a′=5(u
a′y′a′)2 + 1
. (52)
Thus as long as G exits, we have a well defined Poisson bracket. This is a loose
condition. This condition may break down, for example, when the ”string tube” grows
a new branch in the AdS5 × S5 space. But in most cases, the Hamiltonian description
is valid. The difficulty may appear in the quantum theory, where one has to take into
account the whole space time. This needs further investigation.
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5 Flat currents and solution transformation
5.1 Flat currents with one parameter
Bena, Polchinski and Roiban made an important discovery that the Metsaev and
Tseytlin model has a one-parameter family of flat currents. This implies the model
has infinite conserved nonlocal quantities. Here we review the equivalent form of their
construction.
From J = G′−1dG′ = LaPa + La′Pa′ + 12LabJab + 12La
′b′Ja′b′ + L
αα′IQIαα′ ,one has
dJ + J ∧ J = 0, giving the Maurer-Cartan equations
dLa = −Lb ∧ Lba − iL¯Iγa ∧ LI ,
dLa
′
= −Lb′ ∧ Lb′a′ + L¯Iγa′ ∧ LI ,
dLab = −La ∧ Lb − Lac ∧ Lcb + ǫIJ L¯Iγab ∧ LJ ,
dLa
′b′ = La
′ ∧ Lb′ − La′c′ ∧ Lc′b′ − ǫIJ L¯Iγa′b′ ∧ LJ ,
dLI = − i
2
γaǫIJL
J ∧ La + 1
2
γa′ǫIJL
J ∧ La′
+
1
4
γabL
I ∧ Lab + 1
4
γa′b′L
I ∧ La′b′. (53)
We firstly introduce the world-sheet Hodge dual of the Maurer-Cartan 1-forms La
and La
′
. Let
√−ggij = γij and
∗Laˆk = −ǫkiγijLaˆj , and aˆ = a, a′, ǫ01 = −ǫ10 = 1.
The equations of motion can be expressed as
d∗La + Lab ∧∗ Lb + isIJL¯Iγa ∧ LJ = 0, (54)
d∗La
′
+ La
′b′ ∧∗ Lb′ − sIJ L¯Iγa′ ∧ LJ = 0, (55)
δIJ(∗Laγa + i∗La
′
γa
′
) ∧ LJ + sIJ(Laγa + iLa′γa′) ∧ LJ = 0. (56)
Introduce the forms with a parameter λ ,
La (λ) =
1
2
(
λ2 + λ−2
)
La +
1
2
(
λ2 − λ−2) ∗La,
La
′
(λ) =
1
2
(
λ2 + λ−2
)
La
′
+
1
2
(
λ2 − λ−2) ∗La′ ,
Lab (λ) = Lab, La
′b′ (λ) = La
′b′,
L1 (λ) = λL1, L2 (λ) = λ−1L2. (57)
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When det[γij] = −1, we have
∗(∗A) = A,
A ∧ ∗B = − ∗A ∧B,
∗A ∧ ∗B = −A ∧ B. (58)
We can prove one forms (57) with a parameter also satisfy Maurer-Cartan equations(53)
by (54) to (58). Thus the currents J (λ) with spectral parameter λ expressed from the
Cartan one forms(57),
J (λ) = La(λ)Pa + La′(λ)Pa′ + 1
2
Lab(λ)Jab +
1
2
La
′b′(λ)Ja′b′ + L
αα′I(λ)QIαα′ , (59)
satisfies dJ (λ)+J (λ)∧J (λ) = 0. So the equation J (λ) = G(λ)−1dG(λ) is integrable
and J (λ) naturally leads to an infinite number of non-local conserved quantities.
From the above, we see that as long as equations of motion are satisfied, J (λ) will
be flat. However, after some gauge fixing, some equations of motion are missing. The κ
symmetry gauge fixing cause half of equations(56) disappear and fixing x0 = τ, y9 = σ
cause two of (54,55) missing. Are they still satisfied? The answer is affirmative. The
reason is that local symmetry cause δS = 0, under certain combination of canonical
variables. Thus equations of motion are not independent. The number of redundancy
of them exactly matches the number of missing equations in the gauge fixing. In
references [16], the authors give a concise proof that the flat currents keeps flat under
various symmetry transformations. This explains the origin of that the flat currents
still exists after gauge fixing.
We then express the flat currents in terms of canonical variables for the system in
section 3. One has
∗Laˆk = −ǫkiγijLaˆj .
From (5) and (21), we have
δSk = −1
2
∫
dτdσδγµνxaˆµGaˆbˆx
bˆ
ν −
1
2
∫
dτdσγµνδxaˆµGaˆbˆx
bˆ
ν −
1
2
∫
dτdσγµνxaˆµGaˆbˆδx
bˆ
ν
= −
∫
dτdσγµνδxaˆµGaˆbˆx
bˆ
ν ,
giving
∂Lk
∂xaˆ0
= −γ0νGaˆbˆxbˆν = Jaˆ,
and
∗Laˆ1 = ǫ
10(G−1)aˆbˆJaˆ = −(G−1)aˆbˆJaˆ.
From appendix A, Jaˆ is expressed in (πi, z
′i, zi, z′α, zα) for all ten aˆ’s. Further checking
the remaining components of J1(λ) by (19), we find J1(λ) can be expressed by these
variables too.
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5.2 solution transformations
For the flat currents
J (λ) = La(λ)Pa + La′(λ)Pa′ + 1
2
Lab(λ)Jab +
1
2
La
′b′(λ)Ja′b′ + L
αα′I(λ)QIαα′ , (60)
the solution G(λ, τ, σ)−1∂µG(λ, τ, σ) = Jµ(λ) (µ = 0, 1) with given G(λ, τ0, σ0) = G0
is independent of the path of integration. It can be symbolically expressed as
G0Pe
R
C
J (λ) = G(λ, τ, σ),
where C is any contour from (τ0, σ0) to (τ, σ), and P denotes path ordering of the Lie
algebra generators. Consider two paths ABC and ADC, where AB and DC are along
σ with length L while BC and AD are along τ . We have G(λ, τc, σc) = G0UABUBC =
G0UADUDC , where
UAB = Pe
R B J (λ)
A , UBC = Pe
R C J (λ)
B ,
UAD = Pe
R D J (λ)
A , UDC = Pe
R C J (λ)
D .
If the period of σ is L, UAD and UBC are equal. We have
UDC = U
−1
ADUABUBC = U
−1
BCUABUBC .
Thus in any representation of PSU(2, 2|4), the matrices UˆDC and UˆAB are similar
matrices and the supertraces of them are equal. That is, F1(λ) = strPe
R L Jˆ1(λ,σ,τ)
0 =
strUˆ(τ) is a constant of motion [18] as well as their eigenvalues [15]. Let’s return to
the system(25) in section 3, since J1(λ) is a function of canonical variables and F1(λ)
is always conserved, we have
{F1(λ), H} = 0 (61)
by (42). Notice F1(λ) and H are not depending on τ = x
+ when expressed by
πi, zi, z
′
i, zα, z
′
α in section 3.
Due to Jacobi identity, we have
{zi, {F1(λ), H}}+ {F1(λ), {H, zi}}+ {H, {zi, F1(λ)}} = 0,
{{zi, H}, F1(λ)} = {{zi, F1(λ)}, H},
impling the action of Hamiltonian H and the action of F1(λ) are commutable [32].
Assume a solution z(τ, σ) is given by z(0, σ) and satisfies
z˙i = {zi, H}, (62)
where zi can be bosonic and fermionic variables.
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We may solve
d
dt
zi = {zi, F1(λ)}, (63)
with zi(λ, t = 0, τ, σ) = zi(τ, σ). Then zi(λ, t, τ, σ) is a new solution of (62) for each
fixed t. This is a solution transformation. There are infinite generators of such trans-
formations.
6 Discussions
In this paper, we construct the solution transformations by Jacobi identity of poisson
bracket for one parameter flat currents with Hamiltonian, and the poisson bracket
is constructed from Lagrangian which is linear in velocities with κ Light-cone gauge
fixing. The relation of solution transformations for different λ, t is not clear, it seems
that they form two parameter sets. Since the expression of F1 is complicated, the
further investigation of examples is worth doing.
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A Hamiltonian Analysis
Let L = Lk + LWZ, z = zi, zα and c number of det( ∂2Lk∂z˙i∂z˙j ) 6= 0,define πi =
∂Lk
∂z˙i
,
H˜ = πiz˙i − Lk. One can express z˙i and H˜ as the functions of πi, zi, z′i, zα, z′α, z˙α. We
have a new Lagrangian density
L˜k = πiz˙i − H˜.
The variation of H˜ is
δH˜ = δπiz˙i+πiδz˙i− ∂Lk
∂z˙i
δz˙i− ∂Lk
∂zi
δzi− ∂Lk
∂z′i
δz′i−
∂Lk
∂zα
δzα− ∂Lk
∂z˙α
δz˙α− ∂Lk
∂z′α
δz′α. (64)
Denote
Luf ≡ ∂f
∂zi
− ∂
∂τ
∂f
∂u˙
− ∂
∂σ
∂f
∂u′
.
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The equation LπiL˜k = 0 gives
(πj − ∂Lk
∂z˙j
)
∂z˙j
∂πi
= 0,
implying
πj − ∂Lk
∂z˙j
= 0, (65)
when c number of det( ∂
2Lk
∂z˙i∂z˙j
) 6= 0. We have
LziL˜k ≡
∂L˜k
∂zi
− ∂
∂τ
∂L˜k
∂z˙i
− ∂
∂σ
∂L˜k
∂z′i
= −∂H˜
∂zi
− ∂πi
∂τ
+
∂
∂σ
∂H˜
∂z′i
= LziLk,
LzαL˜k ≡
∂L˜k
∂zα
− ∂
∂τ
∂L˜k
∂z˙α
− ∂
∂σ
∂L˜k
∂z′α
= −∂H˜
∂zα
+
∂
∂τ
(
∂H˜
∂z˙α
) +
∂
∂σ
∂H˜
∂z′α
= LzαLk.
The last step comes from (64) and (65).
For L = Lk + LWZ and L˜ = L˜k + LWZ , we have
0 = LπiL˜ = LπiL˜k ⇒ πi −
∂Lk
∂z˙i
= 0,
0 = LziL˜ = LziL˜k + LziLWZ = LziLk + LziLWZ ⇒ LziL = 0,
0 = LzαL˜ = LzαL˜k + LzαLWZ = LzαLk + LzαLWZ ⇒ LzαL = 0. (66)
Thus the Lagrangian equations of L˜ with the variables (πi, z˙i, z′i, zi, z˙α, z′α, zα) give the
definition of πi and the Lagrangian equation of L for variables (z˙i, z′i, zi, z˙α, z′α, zα).
This is a partial Legendre transformation for the part Lagrangian with arbitrary
partition of L = L1 + L2 . This idea is firstly introduced by Arutyunov, Frolov et
al. [16] in deriving the Hamiltonian of GS string.
For the Polyakov Lagrangian(21), the variation of gµν yields the well known Nambu-
Goto Lagrangian,
Lk = −
√
(xa0Gabx
b
1)
2 − (xa0Gabxb0)(xa1Gabxb1) ≡ −
√−G,
where a, b = +,−, x, x¯, D and A′(A′ = 5, 6, 7, 8, 9). Then we fix the gauge x+ = τ ,
y9 = σ, and write
Laµ ≡ xaµ = xµ0 + αai ziµ,
where ziµ =
{
z˙i, µ = 0
z′i, µ = 1
, i 6= x+, y9, and xaµ0 is the rest of the Laµ, including fermionic
variables and some functions of coordinates.
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We have for zi = x−, x, x¯, D, y5, y6, y7, y8,
πi =
∂Lk
∂z˙i
=
−1
2
√−G [2
∂xa0
∂z˙i
Gabx
b
1(x
a1
0 Ga1b1x
b1
1 )− 2
∂xa0
∂z˙i
Gabx
b
0(x
a1
1 Ga1b1x
b1
1 )]
=
∂xa0
∂z˙i
∂Lk
∂xa0
≡ ∂x
a
0
∂z˙i
Ja,
Ja =
−1√−G [Gabx
b
1(x
a1
0 Ga1b1x
b1
1 )−Gabxb0(xa11 Ga1b1xb11 )]
πiz˙
i =
−1√−G z˙
i∂x
a
0
∂z˙i
[Gabx
b
1(x
a1
0 Ga1b1x
b1
1 )−Gabxb0(xa11 Ga1b1xb11 )] = z˙i
∂xa0
∂z˙i
Ja.
Since z˙i
∂xa0
∂z˙i
= αai z˙
i = xa0 − xa00, so we can derive
πiz˙
i =
−1√−G [(x
a
0 − xa00)Gabxb1(xa10 Ga1b1xb11 )− (xa0 − xa00)Gabxb0(xa11 Ga1b1xb11 )]
= −√−G + 1√−G [x
a
00Gabx
b
1(x
a1
0 Ga1b1x
b1
1 )− xa00Gabxb0(xa11 Ga1b1xb11 )]
= Lk + 1√−G [x
a
00Gabx
b
1(x
a1
0 Ga1b1x
b1
1 )− xa00Gabxb0(xa11 Ga1b1xb11 )],
and
H˜ = πiz˙i −Lk = xa00Gab
[xb1(x
a1
0 Ga1b1x
b1
1 )− xb0(xa11 Ga1b1xb11 )]√−G
= −xa00
∂Lk
∂xa0
= −xa00Ja. (67)
We can check the identities
Jax
a
1 =
∂Lk
∂xa0
xa1 =
−1√−G [x
a
1Gabx
b
1(x
a1
0 Ga1b1x
b1
1 )− xa1Gabxb0(xa11 Ga1b1xb11 )] = 0,
and
Ja(G
−1)abJb =
∂Lk
∂xa0
G−1ab
∂Lk
∂xb0
=
1√−G [Gabx
b
1(x
a1
0 Ga1b1x
b1
1 )−Gabxb0(xa11 Ga1b1xb11 )]
×G−1ac
1√−G [Gcdx
d
1(x
a1
0 Ga1b1x
b1
1 )−Gcdxd0(xa11 Ga1b1xb11 )]
= −xa1Gabxb1.
These two equations may help us to solve ∂Lk
∂x+
0
and ∂Lk
∂x9
0
as functions of other ∂Lk
∂xa
0
.
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Another identity
∂Lk
∂xa0
xa0 =
−1√−G [x
a
0Gabx
b
1(x
a1
0 Ga1b1x
b1
1 )− xa0Gabxb0(xa11 Ga1b1xb11 )]
=
−1√−G [(x0Gx1)(x0Gx1)− (x0Gx0)(x1Gx1)]
= −
√
(x0Gx1)2 − (x0Gx0)(x1Gx1) = −
√−G = Lk,
can be used in deriving (67).
The momenta πi are
πi =
∂xa0
∂z˙i
Ja,
where xaµ ≡ Laµ.
The nonzero
∂xa
0
∂z˙i
are
∂x−0
∂x˙−
= eφ,
∂xx0
∂x˙
= eφ,
∂xx¯0
∂ ˙¯x
=eφ,
∂xD0
∂x˙D
=
∂xD0
∂φ˙
= 1,
∂xa
′
0
∂y˙a′
=ua
′
, a′ = 5, 6, 7, 8.
One has
π− = e
φJ−, πx = e
φJx, πx¯ = e
φJx¯, πD = JD, πa′ = u
a′Ja′ ,
and
J− = e
−φπ−, Jx = e
−φπx, Jx¯ = e
−φπx¯, JD = πD, Ja′ =
1
ua′
πa′ . (68)
Noting from (19)(20),
L+ = eφdx+,
L− = eφ[dx− − i
2
(θidθi + θidθ
i)]− 1
2
e−φ[
1
4
(η2)2dx+ +
i
2
(ηidηi + ηidη
i)],
Lx = eφdx, Lx¯ = eφdx¯,
LD = dφ, LA
′
= uA
′
dxA
′
+ vA
′
dx+, (69)
where η2 =ηiηi and defining
b0θ = − i
2
(θiθ˙i + θiθ˙
i), b0η =
i
2
(ηiη˙i + ηiη˙
i),
b1θ = − i
2
(θiθ′i + θiθ
′i), b1η =
i
2
(ηiη′i + ηiη
′i), (70)
from (22) and (69) one obtains
x+0 = e
φx˙+, x−0 = e
φ(x˙− + b0θ)− 1
2
e−φ[
1
4
(η2)2x˙+ + b0η],
xx0 = e
φx˙, xx¯0 = e
φ ˙¯x, xD0 = φ˙, x
A′
0 = u
A′ y˙A
′
+ vA
′
x˙+,
x+1 = e
φx′+, x−1 = e
φ(x′− + b1θ)− 1
2
e−φ[
1
4
(η2)2x′+ + b1η],
xx1 = e
φx′, xx¯1 = e
φ x¯′, xD1 = φ
′, xA
′
1 = u
A′y′A
′
+ vA
′
x′+. (71)
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For gauge x+ = τ, y9 = σ, we have
x˙+ = 1, x′+ = 0, y˙9 = 0, y′9 = 1,
xA
′
0 = u
A′ y˙A
′
+ vA
′
, xA
′
1 = u
A′y′A
′
,
x+0 = e
φ, x+1 = 0 (72)
x90 = v
9, x91 = u
9 = 1. (73)
This implies
x+00 = e
φ, x−00 = e
φb0θ − 1
2
e−φ[b0η +
1
4
(η2)2], xA
′
00 = v
A′.
The equation Jax
a
1 = 0 gives
J+x
+
1 + J−x
−
1 + · · ·+ J8x81 + J9x91 = 0.
So we can derive
J9 = −( 1
x91
)[J+x
+
1 + J−x
−
1 + · · ·+ J8x81]
= −{π−(x′− + b1θ − 1
2
e−2φb1η) + πxx
′ + πx¯x¯
′ + πDφ
′ +
8∑
a′=5
πa′y
′a′}. (74)
We have G−1ab = Gab. Equation Ja(G
−1
ab Jb) = −x1Gx1 gives
2J+J− + 2JxJx¯ + J
2
D +
8∑
a′=5
J2a′ + J
2
9
= −[2x+1 x−1 + 2xx1xx¯1 + (xD1 )2 +
8∑
a′=5
(xa
′
1 )
2 + (x91)
2] (75)
= −[2e2φx′x¯′ + φ′2 +
8∑
a′=5
(ua
′
x′a
′
)2 + 1], (76)
and
J+ =
1
2J−
{−[2e2φx′x¯′ + φ′2 + (ua′)2(x′a′)2 + 1]− [2e−2φπxπx¯ + π2D +
8∑
a′=5
(ua
′
)−2π2a′
+(π−(x
′− + b1θ − 1
2
e−2φb1η) + πxx
′ + πx¯x¯
′ + πDφ
′ +
8∑
a′=5
πa′x
′a′)2]}. (77)
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One has
H˜ = −xa00Ja,
with
x+00 = e
φ, x−00 = e
φb0θ − 1
2
e−φ[b0η +
1
4
(η2)2], xa
′
00 = v
a′, x900 = v
9,
giving
H˜ = −J+eφ − J−[eφb0θ − 1
2
e−φ[b0η +
1
4
(η2)2]]−
8∑
a′=5
Ja′v
a′ − J9v9
=
e2φ
2π−
{[2e2φx′x¯′ + φ′2 +
8∑
a′=5
(ua
′
)2(y′a
′
)2 + 1] + [2e−2φπxπx¯ + π
2
D +
8∑
a′=5
(ua
′
)−2π2a′ ]
+[(π−(x
′− + b1θ − 1
2
e−2φb1η) + πxx
′ + πx¯x¯
′ + πDφ
′ +
8∑
a′=5
πa′y
′a′ ]2}
−e−φπ−[eφb0θ − 1
2
e−φ[b0η +
1
4
(η2)2]−
8∑
a′=5
πa′
va
′
ua′
+v9[π−(x
′− + b1θ − 1
2
e−2φb1η) + πxx
′ + πx¯x¯
′ + πDφ
′ +
8∑
a′=5
πa′y
′a′]
=
e2φ
2π−
{[2e2φx′x¯′ + φ′2 +
8∑
a′=5
(ua
′
)2(y′a
′
)2 + 1] + [2e−2φπxπx¯ + π
2
D +
8∑
a′=5
(ua
′
)−2π2a′ ]
+[(π−(x
′− − i
2
(θiθ
′
i + θiθ
′i)− i
4
e−2φ(ηiη′i + ηiη
′i)) + πxx
′ + πx¯x¯
′ + πDφ
′
+
8∑
a′=5
πa′y
′a′]2}+ π−[ i
2
(θiθ˙i + θiθ˙
i) +
i
4
e−2φ(ηiη˙i + ηiη˙
i) +
1
8
e−2φ(η2)2]
−
8∑
a′=5
πa′
va
′
ua′
+ v9[π−(x
′− − i
2
(θiθ
′
i + θiθ
′i)− i
4
e−2φ(ηiη′i + ηiη
′i))
+πxx
′ + πx¯x¯
′ + πDφ
′ +
8∑
a′=5
πa′y
′a′]. (78)
They are functions of coordinates for L˜k. Therefore the partial Legendre transformed
Lagrangian density is
L˜k = π−x˙− + πxx˙+ πx¯ ˙¯x+ πDφ˙+
8∑
a′=5
πa′ y˙
a′ − H˜
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= π−x˙
− + πxx˙+ πx¯ ˙¯x+ πDφ˙+
8∑
a′=5
πa′ y˙
a′
− e
2φ
2π−
{[2e2φx′x¯′ + φ′2 +
8∑
a′=5
(ua
′
)2(y′a
′
)2 + 1] + [2e−2φπxπx¯ + π
2
D +
8∑
a′=5
(ua
′
)−2π2a′ ]
+[(π−(x
′− − i
2
(θiθ
′
i + θiθ
′i)− i
4
e−2φ(ηiη′i + ηiη
′i)) + πxx
′ + πx¯x¯
′ + πDφ
′
+
8∑
a′=5
πa′y
′a′]2} − π−[ i
2
(θiθ˙i + θiθ˙
i) +
i
4
e−2φ(ηiη˙i + ηiη˙
i) +
1
8
e−2φ(η2)2]
+
8∑
a′=5
πa′
va
′
ua′
− v9[π−(x′− − i
2
(θiθ
′
i + θiθ
′i) +
i
4
e−2φ(ηiη′i + ηiη
′i))
+πxx
′ + πx¯x¯
′ + πDφ
′ + πa′y
′a′]. (79)
It satisfies ∂L˜k
∂τ
= 0 and is linear in velocities. In addition to that, the locality condition
Aij = 0 is satisfied.
The WZ term
LWZ = − e
φ
√
2
ǫµν∂µx
+[η˜iC ′ij(∂ν θ˜
j + i∂νxη˜j)− η˜iC ′ij(∂ν θ˜j − i∂νxη˜j)]
= − e
φ
√
2
[η˜iC ′ij(θ˜
′j + ix′η˜j)− η˜iC ′ij(θ˜′j + ix′η˜j)],
and the total Lagrangian density
L˜ = L˜k + LWZ
= π−x˙
− + πxx˙+ πx¯ ˙¯x+ πDφ˙+
8∑
a′=5
πa′ y˙
a′
−π−[ i
2
(θiθ˙i + θiθ˙
i) +
i
4
e−2φ(ηiη˙i + ηiη˙
i)]−H
= fiz˙
i + fαz˙
α−H. (80)
also does.
We have the Hamiltonian density
H = H˜ − π−[ i
2
(θiθ˙i + θiθ˙
i) +
i
4
e−2φ(ηiη˙i + ηiη˙
i)]−LWZ
= −xa00Ja − π−[
i
2
(θiθ˙i + θiθ˙
i) +
i
4
e−2φ(ηiη˙i + ηiη˙
i)]−LWZ
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= −J+eφ − J−[eφb0θ − 1
2
e−φ[b0η +
1
4
(η2)2]]−
8∑
a′=5
Ja′v
a′ − J9v9
−π−[ i
2
(θiθ˙i + θiθ˙
i) +
i
4
e−2φ(ηiη˙i + ηiη˙
i)]−LWZ
= −∂Lk
∂x˙+
− ∂LWZ
∂x˙+
= −π+. (81)
B Derivation for poisson bracket in field theory
We first define δ
δǫzi(σ)
L[z]. Let zi(σ) be a function of σ, z˜i(σ) be another function of σ,
where
∆ǫzi(σ) = z˜i(σ)− zi(σ) = δǫ(σ − σ′)ηi(σ′), (82)
with
∫
dσδǫ(σ− σ′) = 1, δǫ(x) = δǫ(−x), δǫ(x+L) = δǫ(x), ∂n∂σn δǫ(σ− σ′) = δ(n)ǫ (σ− σ′)
exist. This is a smoothed change of zi(σ) centered at σ
′.
One has
lim
ǫ→0
∫
dσf(σ)δǫ(σ − σ′) = f(σ′),
for continuous f(σ).
In (82), ηi(σ
′) is an infinitesimal Grassmann number or an ordinary infinitesimal
number. Define
δ
δǫzi(σ′)
L =
1
ηi(σ′)
{L[z˜]− L[z]},
δ
δzi(σ′)
L = lim
ǫ→0
δ
δǫzi(σ′)
L.
We then have
δ
δǫzj(σ′)
δ
δǫzi(σ)
= (−1)ıˆˆ δ
δǫzi(σ)
δ
δǫzj(σ′)
,
δ
δǫzi(σ)
(AB) = (
δA
δǫzi(σ)
)B + (−1)ıˆaˆA( δB
δǫzi(σ)
),
δ
δǫzi(σ)
(A+B) =
δA
δǫzi(σ)
+
δB
δǫzi(σ)
. (83)
where the indices iˆ, jˆ, aˆ denote the Grassmann indices of zi(σ), zj(σ
′) and A respectively.
In text and in this appendix, we use (−1)ia instead of (−1)iˆaˆ if no confusion.
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For an action
S =
∫
dσdτL(z, z′, z˙, σ, τ),
the field equation is
δS = 0
=
∫
dσdτδzi{∂L
∂zi
− ∂τ (∂L
∂z˙i
)− ∂σ(∂L
∂z′i
)}+ surface terms ,
giving
∂L
∂zi(σ)
− ∂τ ( ∂L
∂z˙i(σ)
)− ∂σ( ∂L
∂z′i(σ)
) = 0.
We can alternatively write it as
δL
δǫzi(σ)
− ∂τ ( δL
δǫz˙i(σ)
) = 0,
if no boundary term.
For
L(zi, z
′, z˙i, σ, τ) =
∫
dσfi(z(σ), z
′(σ))z˙i(σ)−
∫
dσg(z(σ), z′(σ)),
the Lagrangian equation is
[
∂fj
∂zi
− (−1)i+j+ij ∂fi
∂zj
− (∂fj
∂z′i
)′]z˙j + [−∂fj
∂z′i
− (−1)i+j+ij ∂fi
∂z′j
]z˙′j −
∂g
∂zi
+ (
∂g
∂z′i
)′ = 0.
With
ω˜ij =
∂fj
∂zi
− (−1)i+j+ij ∂fi
∂zj
− (∂fj
∂z′i
)′,
Aij = −∂fj
∂z′i
− (−1)i+j+ij ∂fi
∂z′j
,
we can write it as
ω˜ij z˙j +Aij z˙′j =
∂g
∂zi
− ( ∂g
∂z′i
)′.
Define
ωˆi(σ),j(σ′) =
δfj(z(σ
′), z′(σ′))
δǫzi(σ)
− (−1)i+j+ij δfi(z(σ), z
′(σ))
δǫzj(σ′)
,
one has
J0 =
δ
δǫzk(σk)
ωˆi(σi),j(σj)(−1)j
2+kj + cyc(i, j, k) = 0.
We have
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∫
dσ′ωˆi(σ),j(σ′)z˙j(σ
′)
=
∫
dσ′[δǫ(σ
′ − σ)∂fj
∂zi
(σ′) + δ′ǫ(σ
′ − σ)∂fj
∂z′i
(σ′)]z˙j(σ
′)
−
∫
dσ′(−1)i+j+ij[δǫ(σ − σ′)∂fi
∂zj
(σ) + δ′ǫ(σ − σ′)
∂fi
∂z′j
(σ)]z˙j(σ
′)
=
∫
dσ′[δǫ(σ
′ − σ)∂fj
∂zi
(σ′)− (−1)i+j+ijδǫ(σ − σ′)∂fi
∂zj
(σ)− δǫ(σ′ − σ)(∂fj
∂z′i
(σ′))′]z˙j(σ
′)
+
∫
dσ′[−δǫ(σ′ − σ)∂fj
∂z′i
(σ′)− (−1)i+j+ijδǫ(σ − σ′)∂fi
∂z′j
(σ)]z˙′j ,
giving
lim
ǫ→0
∫
dσ′ωˆi(σ),j(σ′)z˙j(σ
′) =
∂g
∂zi
− ( ∂g
∂z′i
)′. (84)
When Aij = 0, let the inverse matrix of ω˜ be Ω˜,
ω˜ij(σ)Ω˜jk(σ) = δik, Ω˜ij(σ)ω˜jk(σ) = δik.
One can prove
δ
δǫzk(σk)
Ω˜ij(σ) = −Ω˜il(σ) δ
δǫzk(σk)
ω˜lm(σ)Ω˜mj(σ)(−1)(i+l)k. (85)
Field equation (84) can be written as
ω˜ij(σ)z˙j(σ) = lim
ǫ→0
∫
dσ′
δ
δǫzi(σ)
g(σ′),
and
z˙l(σ) = lim
ǫ→0
∫
dσ′Ω˜li(σ)
δ
δǫzi(σ)
g(σ′). (86)
Denote
Ωˆi(σi),j(σj) = Ω˜ij(σ)δǫ(σ − σ′),
and define the poisson bracket of functionals A and B as
{A,B} = lim
ǫ→0
∫
dσ
∫
dσ′A
←−
δ
δǫzi(σ)
Ωˆi(σ),j(σ′)
−→
δ B
δǫzj(σ′)
.
Equations (86) is then
z˙i(σ) = {zi(σ), H},
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where H =
∫
dσg(z(σ), z′(σ)).
We next study the key property of poisson bracket, the Jacobi identity. In contrast
with J0,
J1 ≡ δ
δǫzk(σk)
[(−1)j+kjω˜ij(σi)δǫ(σi − σj)] + cyc(i, j, k),
it is not identically zero however. The difference
δ
δǫzk(σk)
ωˆi(σ),j(σ′) − δ
δǫzk(σk)
[ω˜ij(σi)δǫ(σi − σj)]
= −δǫ(σi − σj)[gjki(σi)− gjki(σj)]
+δ′ǫ(σi − σj)[Gjki(σi)−Gjki(σj)]
+δǫ(σi − σj) ∂
∂σi
Gjki(σi)
≡ Ψijk(ǫ, σi, σj , σk),
where
gjki(σ) = δǫ(σ − σk)
∂2fj
∂zk∂zi
(σ) + δ′ǫ(σ − σk)
∂2fj
∂z′k∂zi
(σ),
Gjki(σ) = δǫ(σ − σk)
∂2fj
∂zk∂z′i
(σ) + δ′ǫ(σ − σk)
∂2fj
∂z′k∂z
′
i
(σ),
has the property
lim
ǫ→0
∫
dσidσjdσkFi(ǫ, σi)Fj(ǫ, σj)Fk(ǫ, σk)Ψijk(ǫ, σi, σj , σk) = 0, (87)
for smooth periodic functions Fi, Fj, Fk with
lim
ǫ→0
F
(n)
l (ǫ, σ) = F
(n)
l (σ), l = i, j, k.
one has
lim
ǫ→0
∫
dσidσjdσk
∏
l=i,j,k
Fl(ǫ, σl)J1 = 0. (88)
Consider
J(A,B,C)
= (−1)ca{A, {B,C}}+ (−1)ab{B, {C,A}}+ (−1)bc{C, {A,B}}
= lim
ǫ→0
∫
dσjdσk(−1)ac(−1)j(b−1){A, δB
δǫzj(σ)
Ω˜jk(σj)δǫ(σj − σk) δC
δǫzk(σk)
}+ cyc.(A,B,C)
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= lim
ǫ′→0
∫
dσidσl
δA
δǫ′zi(σi)
Ω˜il(σi)δǫ′(σi − σl) δ
δǫ′zl(σl)
× lim
ǫ→0
[
∫
dσjdσk
δB
δǫzj(σ)
Ω˜jk(σj)δǫ(σj − σk) δC
δǫzk(σk)
](−1)ac+j(b−1)+i(a−1) + cyc(A,B,C)
= lim
ǫ′→0
lim
ǫ→0
∫
dσidσldσjdσk
{(−1)ac+j(b−1)+i(a−1)[ δA
δǫ′zi(σi)
Ω˜il(σi)δǫ′(σi − σl)
δ2B
δǫ′zl(σl)δǫzj(σj)
Ω˜jk(σj)δǫ(σj − σk) δC
δǫzk(σk)
]
+(−1)ac+j(b−1)+i(a−1)+l(b+j)[ δA
δǫ′zi(σi)
Ω˜il(σi)δǫ′(σi − σl)
δB
δǫzj(σj)
δ
δǫ′zl(σl)
Ω˜jk(σj)δǫ(σj − σk) δC
δǫzk(σk)
]
+(−1)ac+j(b−1)+i(a−1)+l(b+k)[ δA
δǫ′zi(σi)
Ω˜il(σi)δǫ′(σi − σl)
δB
δǫzj(σj)
Ω˜jk(σj)δǫ(σj − σk) δ
2C
δǫ′zl(σl)δǫzk(σk)
]}
+cyc.(A,B,C) ≡ α + β + γ. (89)
This is a two fold limit. We first prove that the double limit lim
ǫ→0,ǫ′→0
exists and which
does not depend on the manner of ǫ, ǫ′ → 0.
For this purpose, we use integration by parts to change all ∂
∂σ
δǫ,ǫ′(σ−σ′) to −δǫ,ǫ′(σ−
σ′) ∂
∂σ
, in a properly chosen route. Eventually we have an expression with only δǫ,ǫ′
functions and local functions in the integration. The boundary terms in integration by
parts disappear because of the periodicity of local functions and the property of the
conserved quantities.
Then one sees that the double limit lim
ǫ→0,ǫ′→0
is well-defined, it is irrelevant of the
manner ǫ, ǫ′ → 0. We have lim
ǫ′→0
[lim
ǫ→0
{· · · }] = lim
ǫ→0,ǫ′→0
{· · · } = lim
ǫ=ǫ′→0
{· · · },if the first
limit lim
ǫ→0
{· · · } exists(which is easy to check.), due to the multi limit theorem.
Since δǫ function is regular and
δ
δǫ
operation is also regular, thus before limit, we
can check the validity of (83) and treat these terms just as in the finite dimensional
mechanics.
We then check α + β + γ in (89), and find when ǫ = ǫ′, α + γ = 0 because of the
cyclic permutation. The term lim
ǫ→0
β can be converted to an integration of the form as
l.h.s. of (88) by (85) , and it is also zero due to the equation (88).
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